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Abstract

The interaction of thermal radiation with laminar mixed convection for a gray ~uid in a radially rotating square duct
is numerically studied[ The integro!di}erential radiative transfer equation is solved by the discrete ordinates method[
The coupled momentum and energy equations are solved by the DuFortÐFrankel numerical scheme[ Results are
presented in a radially rotating square duct over a wide range of the governing parameters[ The e}ects of rotation!
induced buoyancy and thermal radiation on the developments of velocity\ temperature\ friction factor and Nusselt
number are examined in detail[ The axial variations of the fRe and Nu are characterized by a decay near the entrance
due to the entrance e}ect\ but the decay is attenuated by the onset of the secondary ~ow[ The predictions also demonstrate
that the radiation presents signi_cant e}ects on the axial distributions of the total Nusselt number Nut and tends to
reduce the centrifugal buoyancy e}ects[ In addition\ the heat transfer rate increases with the decrease in the conduction!
to!radiation parameter Nc[ Þ 0887 Elsevier Science Ltd[ All rights reserved[

Nomenclature

a width or height of a square duct\ respectively ðmŁ
f friction factor\ 1t¹W:"rw¹ 1#
G\ G� dimensional and dimensionless incident
radiation\ G� � G:"3n¹1:sT3

w#
GrV rotational Grashof number\ "VÞ1a#b"Tw−To#a2:n1

h¹ circumferentially averaged heat transfer coe.cient
ðW m−1 >C−0Ł
hx locally averaged heat transfer coe.cient ðW m−1

>C−0Ł
I\ J number of _nite di}erence divisions in X and Y
directions\ respectively
k thermal conductivity ðW m−0 K−0Ł
m\ m? direction of the discrete ordinates
n\ N direction coordinate normal to the duct wall
n¹ refractive index
N� order of the phase function
Nc conduction!to!radiation parameter\ kb¹ :"3n¹1sT2

w#
Nu peripherally averaged Nusselt number\ hÞa:k
Nuc convective Nusselt number
Nur radiative Nusselt number

� Corresponding author[ E!mail]wmyanÝhuafan[hfu[edu[tw

Nut total Nusselt number\ Nut � Nuc¦Nur

pm? Pm dimensional and dimensionless dynamic pres!
sure\ respectively
p¹ cross!sectional mean pressure\ kPa
PÞ dimensionless cross!sectional mean pressure
P? perturbation term about the mean pressure PÞ
Pn Legendre polynomial
Pr Prandtl number\ n:a
qc convective heat ~ux
qr radiation heat ~ux
qt total heat ~ux
Qr dimensionless radiation ~ux
Re Reynolds number\ w¹ a:n
Ro rotational number\ VÞa:w¹
T temperature ð>CŁ
To inlet temperature ð>CŁ
Tr ratio of inlet temperature and wall temperature\
To:Tw

Tw wall temperature ð>CŁ
u\ v\ w velocity components in x\ y and z directions\
respectively ðm s−0Ł
U\ V\ W dimensionless velocity components in X\ Y
and Z directions\ respectively
w¹ inlet mean velocity ðm s−0Ł
x\ y\ z rectangular coordinate ðmŁ
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X\ Y\ Z dimensionless rectangular coordinate\ X � x:a\
Y � y:a\ Z � z:a
zo\ Zo dimensional and dimensionless distance from
rotational axis to inlet\ respectively
9� dimensionless gradient operator[

Greek symbols
a thermal di}usivity ðm1 s−0Ł
b coe.cient of thermal expansion
b¹ extinction coe.cient
ow wall emissivity
u dimensionless temperature\ T:Tw

uo dimensionless temperature ratio\ To:Tw

m\ h\ z direction cosines
n kinematic viscosity ðm1 s−0Ł
j dimensionless vorticity in axial direction
r density ðkg m−2Ł
s StefanÐBoltzman constant
s¹ scattering coe.cient
t optical thickness
tw wall shear stress ðkPaŁ
c dimensionless radiation intensity\ pI:"n¹1sT3

w#
f scattering phase function
v single scattering albedo
Vł \ Vł ? outward and inward direction of radiation
VÞ angular velocity of rotation ðs−0Ł[

Subscripts
b bulk ~uid quantity
c convective
o condition at inlet
r radiative
w value at wall[

Superscript
* averaged value[

0[ Introduction

Combined convection and radiation at high tem!
peratures and high heat ~uxes has become increasingly
important in the analysis and design of coolant passages
for the cooling of turbine or rotor blades[ When con!
vection and radiation e}ects are of the same importance\
a separate calculation of convection and radiation and
their superposition without considering the interaction
between them can lead to signi_cant errors in the results\
because the presence of thermal radiation in the ~ow
alters the temperature distributions[ Hence\ momentum\
energy and radiation transport equations must be solved
simultaneously in order to determine the local velocity\
temperature and heat transfer rate\ unless radiation is
either very strong or very weak[

A vast amount of work\ both theoretical and exper!
imental\ exists in the literature to study the ~ow and

heat transfer characteristics in rotating channels without
thermal radiation e}ects\ as is evident in the recent studies
by Morris ð0Ł and Soong and Hwang ð1Ł[ Only those
relevant to the present work are brie~y reviewed here[
The e}ects of Coriolis force on the ~ow _elds in unheated\
rotating ducts have been studied in many investigations
ð2Ð09Ł[ These investigators have documented the presence
of secondary ~ow due to the Coriolis!induced force[ Stud!
ies have been made of the ~ow and heat transfer in rot!
ating ducts without the added complexity of centrifugal
buoyancy and thermal radiation ð00Ð04Ł[

The combined e}ects of Coriolis and centrifugal buoy!
ancy forces on ~ow and heat transfer have been examined
by a number of investigators[ A perturbation analysis
was performed by Morris ð05Ł and Siegel ð06Ł to inves!
tigate the rotation!induced buoyancy e}ect on the fully!
developed ~ow and heat transfer in rotating ducts[ Exper!
imental studies have been made on the rotating ducts
with consideration of centrifugal buoyancy e}ects ð07Ð
11Ł[ Laminar ~ow and heat transfer through rotating
channels was performed by Fann et al[ ð12Ł and Fann
and Yang ð13Ł[ In their studies\ the centrifugal buoyancy
e}ects are included in the governing equations[ But the
parameter of centrifugal buoyancy is negligibly small and
its e}ect was not discussed in the presented results[
Recently\ a detail numerical analysis of mixed convection
in radially rotating rectangular ducts was investigated by
Yan and Soong ð14Ł and Yan ð15Ł[ In their studies\ they
found that the rotation!induced buoyancy has a sig!
ni_cant impact on the characteristics of ~uid ~ow and
heat transfer[

It is noted that there are no numerical studies for
combined convection and radiation in rotating ducts[
This motivates the present study which treats the charac!
teristics of ~ow and heat transfer in radially rotating
square ducts with consideration of rotation!induced
buoyancy and thermal radiation e}ects[ The ~ow is hydro!
dynamically and thermally developing[

1[ Analysis

As a preliminary attempt to study thermal radiation
e}ects\ the ~ow is assumed to be laminar[ In reality\ the
~ow in many applications is turbulent[ As a result\ the
turbulent mixed convection ~ow and heat transfer in
radially rotating ducts should be treated with inclusion
of radiation e}ect[ This would\ however\ greatly com!
plicate the analysis[ Therefore\ the laminar case is treated
in this work and is intended to provide a _rst step toward
future work which will investigate the radiation e}ects
on turbulent mixed convection in radially rotating ducts[

Consider a steady and laminar ~ow through an iso!
thermal square duct rotating at a constant angular speed
VÞ about an axis normal to the longitudinal direction of
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the duct as shown in Fig[ 0[ A uniform inlet axial velocity
w¹ and a constant inlet temperature To are imposed at the
entrance z � 9[ The u\ v\ and w are the velocity com!
ponents in the x\ y\ and z directions\ respectively[ To
facilitate the analysis\ a steady and incompressible ~ow
is assumed and the gravitational force is neglected for
its small magnitude compared to the rotation!induced
centrifugal force[ Additionally\ the participating gas is
assumed to be gray\ absorbing\ emitting and scattering[

1[0[ Governin` equations

The pressure gradient and centrifugal force terms in
the x! and z!direction momentum equations are]

−1p:1x¦rVÞ1x "0a#

−1p:1z¦rVÞ1"zo¦z#[ "0b#

By invoking the Boussinesq approximation\ the density
variation in the ~ow can be approximated by

r � ro ð0−b"T−To#Ł "1#

where ro is the density evaluated at the reference tem!
perature To[ With a dynamic pressure pm de_ned as

pm � p−po "2#

where

−1po:1x � −roVÞ1x "3a#

−1po:1z � −roVÞ1"zo¦z# "3b#

equation "0# may be rewritten as

−1pm:1x−rb"T−To#VÞ1x "4a#

−1pm:1z−rb"T−To#VÞ1"z¦zo#[ "4b#

The ~ow is assumed to be parabolic and a space!averaged
pressure p¹ is imposed in the momentum equations to
prevail at each cross section\ thus permitting a decoupling
from the pressure pm in the cross!sectional momentum

Fig[ 0[ Schematic diagram of the physical system[

equations[ This {pressure uncoupling| follows the para!
bolic!~ow practice and\ together with the assumption
that neither momentum nor heat is di}used in the axial
direction by an order of magnitude analysis\ permits a
marching!integration calculation procedure ð03Ł[ To con!
veniently present the governing equations\ the dynamic
pressure pm can be represented as the sum of a cross!
section mean pressure p¹ "z#\ which derives the main ~ow\
and a perturbation about the mean\ p?"x\ y\ z#\ which
derives the cross stream ~ow\

pm � p¹ "z#¦p?"x\ y\ z#[ "5#

As a _nal step\ dimensionless variables are introduced
as follows]

X � x:a Y � y:a

Z � z:a U � u:w¹

V � v:w¹ W � w:w¹

PÞ� p¹:"rw¹ 1# P? � p?:"rw¹ 1#

u � T:Tw Re � w¹ a:n

Pr � n:a GrV �"VÞ1a#b"Tw−To#a2:n1

Ro �VÞa:w¹ Zo � zo:a

Nc � kb¹ :"3n¹1sT2
w# t � b¹a

v � s¹ :b¹ G� � G:"3n¹1sT3
w#

uo � To:Tw Tr � uo "6#

With these de_nitions and the assumptions made earl!
ier\ the non!dimensional governing equations are]
continuity equation

1U:1X¦1V:1Y¦1W:1Z � 9 "7#

x!direction momentum equation

U1U:1X¦V1U:1Y¦W1U:1Z¦1Ro = W

�−1P?:1X−GrV:Re1 ="u−uo#:"0−uo# = X

¦"11U:1X1¦11U:1Y1#:Re "8#

y!direction momentum equation

U1V:1X¦V1V:1Y¦W1V:1Z

� −1P?:1Y¦"11V:1X1¦11V:1Y1#:Re "09#

z!direction momentum equation

U1W:1X¦V1W:1Y¦W1W:1Z

� −dPÞ:dZ−GrV:Re1 ="u−uo#:"0−uo# ="Zo¦Z#

¦"11W:1X1¦11W:1Y1#:Re¦1Ro = U "00#

energy equation

U1u:1X¦V1u:1Y¦W1u:1Z � ð11u:1X1

¦11u:1Y1¦"0−v#t1:Nc ="G�−u3#Ł:"Pr = Re#[ "01#

The non!dimensional axial vorticity can be expressed
as

j � 1U:1Y−1V:1X[ "02#
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The axial vorticity transport equation can be derived
from equations "8# and "09# as

U1j:1X¦V1j:1Y¦W1j:1Z¦j"1U:1X¦1V:1Y#

¦"1W:1Y = 1U:1Z−1W:1X = 1V:1Z#

¦1Ro = 1W:1Y �"11j:1X1¦11j:1Y1#:Re

−GrV:Re1 = X = ð"1u:1Y#:"0−uo#Ł[ "03#

The equations of the transverse velocity components
"U\ V# can be derived from the continuity equation "7#\
and the de_nition of axial vorticity\ equation "02#\ as

11U:1X1¦11U:1Y1 � 1j:1Y−11W:1X1Z "04#

11V:1X1¦11V:1Y1 � −1j:1X−11W:1Y1Z[ "05#

The overall mass ~ow rate at every axial location must
be balanced in the duct ~ow\ i[e[\

g
0

9 g
0

9

W = dX dY � 0[ "06#

This equation is used to deduce the pressure gradient in
the axial momentum equation[

The dimensionless incident radiation G� must be deter!
mined from the solution of the radiative transfer equation
given by

m1c:1X¦h1c:1Y¦tc

�"0−v#tu3¦
vt

3p gV?�3p

f"V?\ V#c dV?[ "07#

It is worth noting that in order to drop the term 1c:1Z\
the assumption that 1qrz:1Z ð 1qrx:1X¦1qry:1Y is
required[ In equation "07#\ c � pI:"n¹1sT3

w# is the dimen!
sionless intensity of radiation at a point "X\ Y# in the
direction Vł de_ned by the direction cosines m\ h\ and z\ v

is the single scattering albedo and f"Vł \ Vł # is the scattering
phase function\ which is expressed in terms of Legendre
polynomials as

f"V?\ V# � s
N�

n�9

anPn"m?m¦h?h¦z?z#[ "08#

For a gray\ opaque\ di}usively emitting\ and re~ecting
surface\ the boundary condition is

cw"V# � ow¦
"0−ow#

p gn=V?³9
=n = V?=cw"V?# dV?\

n =V × 9 "19#

where ow is the wall emissivity^ and nł is the unit normal
vector pointing away from the duct wall into the medium[

Once the dimensionless radiation intensity c is known\
the dimensionless radiation ~ux vector and incident radi!
ation are determined from their de_nitions as

Qr � qr:"3n¹1sT3
w# � 0:"3p# = gV�3p

Vc dV "10a#

G� � G:"3n¹1sT3
w# � 0:"3p# = gV�3p

c dV[ "10b#

The boundary conditions for the convective governing
equations of this problem are given by

U � V � W � 9\ u � 0 at the duct walls "11a#

W � 0\ U � V � j � 9\

u � Tr at the entrance Z � 9[ "11b#

After the developing velocity and temperature _elds
are obtained\ the computations of the circumferentially
averaged friction factor and Nusselt number are of prac!
tical interest[ Following the conventional de_nitions\ the
expression for the product of the peripherally averaged
friction factor and Reynolds number fRe can be written
based on the axial velocity gradient on the duct wall\ i[e[\

fRe � 1"1W:1n#w[ "12#

Energy transport from the duct wall to the gas ~ow in
the presence of thermal radiation depends on two related
factors] the ~uid temperature gradient on the duct wall
and the rate of radiative heat exchange[

qt � qc¦qr � −k1T:1n¦qr[ "13#

The local total Nusselt number Nut de_ned as

Nut � h¹a:k � qta:ðk"Tw−Tb#Ł "14#

consists of both convection and radiation[ It is written as

Nut � Nuc¦Nur "15#

where Nuc and Nur are\ respectively\ the local convective
Nusselt number and radiative Nusselt number\ and are
de_ned as

Nuc � −"1uw:1N#:"0−ub# "16#

and

Nur �"tQr:Nc#:"0−ub#[ "17#

Here\ the overbar means the average around the
perimeters\ the Qr is the dimensionless radiative heat ~ux
at duct wall\ and the bulk temperature ub is de_ned as

ub � g
0

9 g
0

9

u = W dX dY[ "18#

1[1[ Governin` parameters

The parameters involved in the present problem are
the Prandtl number Pr\ rotational number Ro\ rotational
Grashof number GrV\ Reynolds number Re\ dimen!
sionless distance from the rotational axis to the inlet Zo\
conduction!to!radiation parameter Nc\ optical thickness
t\ single scattering albedo v\ wall emissivity ow\ and tem!
perature ratio of inlet ~uid and wall Tr[ The GrV measures
the importance of the rotation!induced buoyancy e}ects[
The conduction!to!radiation parameter Nc characterizes
the relative importance of conduction with respect to
radiation[ The e}ect of radiation is getting strong as
the Nc decreases[ To conveniently discuss the e}ects of
thermal radiation on mixed convection in a radially ro!
tating square duct\ Pr\ Zo\ and Tr are _xed to be 9[6\ 09
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and 9[2\ respectively[ While the other parameters\ Ro\
GrV\ Re\ Nc\ t\ v and ow are selected systematically to
investigate their in~uences[

2[ Solution method

In this study\ the governing equations are solved by
the vorticityÐvelocity method for three!dimensional para!
bolic ~ow ð16Ł[ The equations for the unknowns U\ V\ W\
j\ u and dPÞ:dZ are coupled[ A numerical _nite!di}erence
scheme based on the vorticityÐvelocity method is used to
obtain the solution of equations "00#\ "01# and "03#Ð"05#[
Details of the solution procedures have been described
elsewhere ð14Ł\ and is not repeated here[ The solution to
the radiative transfer equations is obtained by the SN or
the discrete ordinates method ð17Ð29Ł[ In this approach\
the solid angle 3p is discretized into a _nite number of
directions[ The discrete ordinates form of the radiative
transfer equation can be obtained by evaluating equation
at each of the discrete directions and replacing the inte!
gral term by a numerical quadrature to give

mm1cm:1X¦hm1cm:1Y¦tcm

�"0−v#tu3¦
vt

3p
s
m?

w�m? fm?mcm "29#

with the boundary conditions\

cm � ow¦
"0−ow#

p
s
m?

cm? =mm? =w�m\

mm × 9\ mm? ³ 9\ X � 9 "20a#

cm � ow¦
"0−ow#

p
s
m?

cm? =mm? =w�m\

mm ³ 9\ mm? × 9\ X � 0 "20b#

cm � ow¦
"0−ow#

p
s
m?

cm? =hm? =w�m\

hm × 9\ hm? ³ 9\ Y � 9 "20c#

cm � ow¦
"0−ow#

p
s
m?

cm? =hm? =w�m\

hm ³ 9\ hm? ³ 9\ Y � 0 "20d#

where subscript m and m? represent the direction of the
discrete ordinates\ and w�m are the quadrature weights[
The discrete form of the phase function fm?m is given by

fm?m � s
N�

n�9

anPn"mm?mm¦hm?hm¦zm?zm#[ "21#

The accuracy of the SN method depends on the choice
of the quadrature scheme[ In this work\ the momentum!
matching technique suggested by Carson and Lathrop
ð20Ł is applied to calculate the discrete directions and

quadrature weights as listed in Table 0[ The total number
of the discrete directions is 13 when the S5 scheme is used
for a two!dimensional geometry[ Equations "29#\ "20#\
and "21# are solved using the procedure described by
Modest ð29Ł to calculate the dimensionless radiation
intensity\ radiation ~ux\ and incident radiation[

To examine the grid!dependence of the numerical
results\ a numerical experiment was carried out with vari!
ous grid distributions in cross!section plane "I×J# and
axial step size "DZ#[ In this study\ grids were chosen to
be uniform in the cross!sectional direction but non!
uniform in the axial direction to account for the uneven
variations of velocity and temperature in the entrance
region[ It was found from Table 1 that the deviations in
local total Nusselt number Nut calculated with
I×J � 30×30 and 50×50 "DZ � 9[90Ð9[94# are always
less than 4) for Re � 0499\ Ro � 9[94\ GrV � 0×093\
Nc � 9[94\ t � 0\ v � 9 and ow � 9[4[ Furthermore\ the
deviation sin Nut calculated using I×J "DZ# � 30×30
"9[990Ð9[94# and 30×30 "9[90Ð9[94# are all less than 0)[
Accordingly\ the computations involving a I×J

Table 0
The discrete directions and quadrature weights for the S5 method
"one octant only#

m mm hm zm w�m

0 9[837124 9[113445 9[113445 p:5
1 9[578937 9[578937 9[113445 p:5
2 9[113445 9[837124 9[113445 p:5
3 9[578937 9[113445 9[578937 p:5
4 9[113445 9[578937 9[578937 p:5
5 9[113445 9[113445 9[837124 p:5

Table 1
Comparison of local total Nusselt number Nut for various grid
arrangements for Pr � 9[6\ Re � 0499\ Ro � 9[94\ GrV �
0×093\ Nc � 9[94\ t � 0\ v � 9\ ow � 9[4\ and Tr � 9[2

"I×J# Z

"DZ# 1[492 4[994 09[907 19[932 29[907 39[9

50×50 09[685 8[464 09[451 01[902 02[985 02[668
"9[90 ½ 9[94#
30×30 09[817 8[695 09[679 01[298 02[377 03[176
"9[990 ½ 9[94#
30×30 09[896 8[699 09[662 01[293 02[376 03[166
"9[90 ½ 9[94#
30×30 09[738 8[580 09[652 01[178 02[370 03[156
"9[94#
20×20 00[039 8[828 00[121 01[803 03[167 05[009
"9[90 ½ 9[94#
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"DZ# � 30×30 "9[90Ð9[94# grid are considered to be
su.ciently accurate to describe the ~ow and heat transfer
in a radially rotating square duct[ All the results presented
in the next section are computed using the latter grid[ As
a partial veri_cation of the computational procedure\
results were initially obtained for convection heat transfer
in a radially rotating square duct without thermal radi!
ation e}ect[ The results for heat transfer and friction
factor were compared with those of Jen et al[ ð03Ł and
Fann and Yang ð13Ł[ The Nusselt number and friction
factor were found to agree within 1)[

3[ Results and discussion

Figure 1 depicts a series of iso!velocity distributions in
the transverse plane at di}erent axial locations[ It should
be mentioned that the uniform velocity at the entrance
Z � 9 corresponds to W � 0 in the plots[ In the absence
of rotation\ the W pro_le is symmetrical with respect to
X � 9[4 line or Y � 9[4 line[ The W pro_les change along
the duct axis\ beginning with a square shape at Z � 9
and _nally taking a parabolic shape further downstream[
Once rotation is initiated\ all the W pro_les shift towards
the trailing wall "X � 9#[ Take Fig[ 1"a# for example[
Near the entrance "Z � 9[197#\ the velocity pro_le is
fairly uniform over the cross section[ As the ~ow
develops\ the velocity in the core region is accelerated due
to the entrance e}ect[ Further downstream\ the velocity
pro_le becomes distorted with the maximum velocity
toward the trailing wall due to the combined centrifugal
buoyancy and Coriolis forces acting in the negative X!
direction[ It is also noted in Fig[ 1"a# that the axial vel!
ocity gradient on the trailing wall "X � 9# is larger than
that on the leading wall "X � 0#[ This implies that the
friction factor fRe on the trailing wall is larger than that
on the leading wall[ Figure 1"b# and "c# present the e}ects
of Nc on the iso!velocity distributions with Re � 0499\
Ro � 9[94\ GrV � 093\ t � 0\ v � 9 and ow � 9[4[ The
conduction!to!radiation parameter Nc is de_ned as the
ratio of conduction e}ect to radiation e}ect[ The in~u!
ence of radiation is getting strong as the value of Nc is
decreased[ Compared with Fig[ 1"a#\ we note that the
results in Fig[ 1"b# and "c# are similar to those without
radiation in the region near entrance[ But as the gas ~ow
goes downstream\ the radiation becomes important[ The
radiation e}ect tends to reduce the W near the trailing
wall[ This implies that the results with the inclusion of
radiation would reduce the friction factor at a down!
stream region[

Plotted in Fig[ 2 are the isotherm maps at di}erent axial
locations[ In line with the wall heating\ the temperature in
the central portion of the duct increases gradually as the
~ow moves downstream[ A comparison of the tem!
perature pro_les with and without radiation reveals that
near the inlet the e}ect of radiation on the thermal devel!

opment is insigni_cant[ But at the downstream location\
radiation e}ect tends to equalize the temperature in the
~ow[ Close inspection on Fig[ 2"b# and "c# shows that as
the conduction!to!radiation parameter Nc decreases\ the
u becomes ~atter[ Additionally\ the development of tem!
perature pro_le is faster for a system with a stronger
radiation e}ect "Nc � 9[91#[ This can be understood by
recognizing that the radiative heat ~ux is an additional
mode of energy transport and as the magnitude of Nc

decreases\ the importance of the radiation term in equa!
tion "01# increases\ relative to the conduction and con!
vection[ This causes an increase in the energy transport
which leads to ~atter temperature pro_les[

The e}ects of conduction!to!radiation parameter Nc

on the axial variations of bulk temperature\ local friction
factor and Nusselt number are presented in Figs 3 and 4\
respectively[ For comparison purposes\ the results with!
out thermal radiation e}ect are also plotted in Figs 3 and
4\ as shown by the dotted lines[ From Fig[ 3\ the bulk
temperature distributions were found to be essentially
the same as those without radiation when the radiation!
convection interaction is weak\ such as for the curve of
Nc � 0[ However\ when the interaction is intense
"Nc � 9[91#\ there is an essential di}erence[ In contrast
to the case without radiation\ the radiation augments the
rate of thermal development so that the ub approaches
the wall temperature "u � 0# at a more rapid rate[ In
Fig[ 4"b#\ both total Nusselt number Nut and convective
Nusselt number Nuc are illustrated in the same subplot[
The di}erence between Nut and Nuc at the same position
represents the radiative Nusselt number Nur[ In all cases
the total Nusselt number Nut with radiation is larger than
that without radiation[ This is due to two e}ects[ The
_rst is that radiation is additional mechanism for heat
transfer through the ~uid resulting in an increased heat
~ux[ Secondly\ the radiation source term augments the
rate of thermal development so that the bulk temperature
approaches the wall temperature at a more rapid rate[
Both e}ects act to increase the local total Nusselt number
Nut[ Near the entrance\ the Nut is raised only by the
additional radiative heat ~ux\ while further downstream\
the more rapid thermal development contributes when
the bulk temperature approaches the wall temperature[
An overall inspection on Fig[ 4 reveals that near the
entrance\ the local fRe and Nu fade away monotonically
due to the entrance e}ect[ At these positions\ the con!
vective e}ect is predominant[ Therefore\ the e}ects of Nc

on fRe and Nu are insigni_cant[ But as the ~ow proceeds
downstream\ the radiation e}ect becomes important[ The
local Nuc and Nut increases with the decrease in the Nc

due to the strong radiation e}ect[ But this is not the case
for local fRe[ At downstream region\ the fRe decreases
with the decreases in Nc[ This is due to the fact that in
the presence of radiation\ the temperature _eld becomes
relatively ~atter\ as shown in Fig[ 2[ The centrifugal buoy!
ancy e}ect is thus reduced\ which in turn\ causes a
reduction in fRe further downstream[
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Fig[ 1[ Iso!velocity maps for Re � 0499\ Ro � 9[94\ GrV � 093\ t � 0\ v � 9\ ow � 9[4 and "a# Nc : � "no radiation#\ "b# Nc � 9[94\
"c# Nc � 9[91[
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Fig[ 2[ Isotherm maps for Re � 0499\ Ro � 9[94\ GrV � 093\ t � 0\ v � 9\ ow � 9[4 and "a# Nc : � "no radiation#\ "b# Nc � 9[94\ "c#
Nc � 9[91[
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Fig[ 3[ E}ects of Nc on the variations of bulk temperature ub for
Re � 0499\ Ro � 9[94\ GrV � 093\ t � 0\ v � 9\ ow � 9[4[

Fig[ 4[ E}ects of Nc on the variations of friction factor and
Nusselt number for Re � 0499\ Ro � 9[94\ GrV � 093\ t � 0\
v � 9\ ow � 9[4[

The e}ects of optical thickness t on local fRe and Nu
are shown in Fig[ 5[ A strong radiatively participating
medium corresponds to a larger optical thickness[ It is
easy to see that there is more heat released from such

Fig[ 5[ E}ects of t on the variations of friction factor and Nusselt
number for Re � 0499\ Ro � 9[94\ GrV � 093\ Nc � 9[4\ v � 9\
ow � 9[4[

a medium than from a weak radiatively participating
medium[ Thus the local Nuc and Nut increases with an
increase in t[ Additionally\ the radiation has a stronger
e}ect on the local fRe and Nu for a system with a larger
t\ as compared with the results of no radiation[

In many applications\ scattering processes are impor!
tant in radiative heat transfer if participates are present
in the ~uid[ Therefore\ the e}ects of single scattering
albedo on the ~uid ~ow and heat transfer are of interest[
For illustration\ the scattering is assumed to be isotropic[
Figure 6 demonstrates the in~uence of single scattering
albedo v on the local fRe and Nu distributions[ There is
less absorption of radiation by an absorbing and scat!
tering ~uid as compared with the nonscattering case
"v � 9#[ Therefore\ the Nu decreases with an increase in
v[ Like the results in Fig[ 5"a#\ the local fRe are atten!
uated due to the radiation e}ect at downstream region[

The e}ects of wall emissivity ow on the local fRe and
Nu are shown in Fig[ 7[ It is apparent that the local Nu
without radiation is lower than those with radiation[ The
larger the wall emissivity ow\ the higher the local Nu and
fRe at the same position[ This is due to the intense inter!
action between the radiation and convection as the ow is
increased[
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Fig[ 6[ E}ects of v on the variations of friction factor and
Nusselt number for Re � 0499\ Ro � 9[94\ GrV � 093\
Nc � 9[94\ t � 0\ ow � 9[4[

Figure 8 presents the axial variations of the cir!
cumferentially averaged friction factor fRe and Nusselt
number Nu with rotational number Ro as a parameter[
In this plot\ only the convective Nusselt number Nuc is
presented[ The decreases in local values of fRe and Nuc

near the inlet are attributed to the forced!convection
entrance e}ect\ and the deviation from the results of
stationary duct "Ro � 9# is caused by the rotational
e}ects[ The entrance and rotational e}ects are balanced
out and a local minimum in fRe "or Nuc# appears at a
position of distance from inlet\ which depends upon the
value of Ro[ Subsequently\ the rotational e}ect domi!
nates over the entrance e}ect and the fRe "or Nuc#
increases until a local maximum for fRe "or Nuc# may
exist for some cases[ It is worth noting that for
Ro � 9[964 and 9[0\ oscillations in the variations of fRe
and Nu exist after the _rst local minimum[ This behavior
is related to the emergence and decay of the second pair
of vortices near the trailing wall[ In addition\ larger fRe
and Nu result for a larger Ro due to the stronger Coriolis
force[ Comparison of the results between the solid and
dotted curves indicates that the e}ect of radiation on the
fRe and Nu are insigni_cant at the entrance region[ But

Fig[ 7[ E}ects of ow on the variations of friction factor and
Nusselt number for Re � 0499\ Ro � 9[94\ GrV � 093\
Nc � 9[94\ t � 0\ v � 9[

as the ~ow goes downstream\ the radiation becomes
important[

In high rotation rates and high wall!to!coolant tem!
perature di}erences in rotating elements\ the centrifugal
force may play a very critical role in the ~ow and heat
transfer mechanism[ Hence\ it is interesting to examine
the in~uence of centrifugal buoyancy on the ~ow and heat
transfer[ Figure 09 shows the e}ects of the centrifugal
buoyancy on the fRe and Nu for Re � 0499\ Ro � 9[94\
Nc � 9[94\ t � 0\ v � 9 and ow � 9[4[ It is obvious that
the centrifugal buoyancy e}ect decreases the Nuc as com!
pared with the results of buoyancy!free case "GrV � 9#\
and the extent of decrease in Nuc increases with GrV[ In
Fig[ 09"a#\ the e}ects of centrifugal buoyancy on the fRe
are complicated[ As Z ³ 04\ a larger fRe is noted for a
system with a smaller GrV[ But as Z × 04\ the reverse
trend is found[ It is also interesting to note in Fig[ 09"a#
that relative to the results without radiation\ the radiation
e}ect would decrease the local fRe[ This is due to the
fact that the radiation tends to reduce the centrifugal
buoyancy e}ect[

To explore the e}ect of the through!~ow Reynolds
number Re on the variations of fRe and Nuc\ Fig[ 00
presents the local fRe and Nuc distributions with
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Fig[ 8[ E}ects of Ro on the variations of friction factor and
Nusselt number for Re � 0499\ GrV � 093\ Nc � 9[94\ t � 0\
v � 9\ ow � 9[4[

Reynolds number as a parameter[ As shown in Fig[ 00\
larger fRe and Nuc are experienced for a system with
a higher Reynolds number Re due to a larger forced!
convection e}ect[ It is also found in the separate com!
putation run that the centrifugal buoyancy e}ect dimin!
ishes as the Re increases[

4[ Conclusions

In the present work\ mixed convection ~ow and heat
transfer in a radially rotating square duct with con!
sideration of rotation!induced buoyancy and thermal
radiation e}ects have been studied numerically[ A rela!
tively novel vorticity!velocity method successively solved
the three!dimensional parabolic governing equations[
The radiative transfer equation was solved by the discrete
ordinates method[ The e}ects of the rotational number
Ro\ rotational Grashof number GrV\ Reynolds number
Re\ conduction!to!radiation parameter Nc\ optical thick!
ness t\ single scattering albedo v and wall emissivity ow

Fig[ 09[ E}ects of GrV on the variations of friction factor and
Nusselt number for Re � 0499\ Ro � 9[94\ Nc � 9[94\ t � 0\
v � 9\ ow � 9[4[

on the ~ow and heat transfer are examined in detail[
What follows is a brief summary[

"0# In the presence of radiation\ the thermal development
develops at a more rapid rate relative to that without
radiation[

"1# The axial distributions of Re and Nu are char!
acterized by a drop near the inlet due to the entrance
e}ect\ but the decay is reduced by the onset of sec!
ondary ~ow[

"2# The circumferentially averaged friction factor fRe
and convective Nusselt number Nuc are enhanced
with an increase in the rotational number Ro and the
through~ow Reynolds number Re[

"3# The convective Nusselt number Nuc are augmented
by the radiation e}ects[ Conversely\ the fRe is
reduced in the presence of radiation at downstream
region[

"4# In contrast to the results without radiation\ radiation
e}ects augments the Nut[ And the extent of enhance!
ment in Nut increases with a decrease "increase# in Nc

or v "t or ow#[
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Fig[ 00[ E}ects of Re on the variations of friction factor and
Nusselt number for Ro � 9[94\ GrV � 093\ Nc � 9[94\ t � 0\
v � 9\ ow � 9[4[

Acknowledgement

The _nancial support of this research by the National
Science Council\ R[O[C[\ under the contract NSC 74!
1101!E!100!994 is greatly appreciated[

References

ð0Ł W[D[ Morris\ Heat Transfer and Fluid Flow in Rotating
Coolant Channels[ John Wiley and Sons\ Chichester\ 0870[

ð1Ł C[Y[ Soong\ G[J[ Hwang\ Convective heat transfer in radi!
ally rotating coolant channels of turbomachinery[ Pro!
ceedings of Aero[ and Astro[ Conf[\ AASRC\ Taipei\
R[O[C[\ 05 December 0889[

ð2Ł J[E[ Hart\ Instability and secondary ~ow in a rotating chan!
nel ~ow[ J[ Fluid Mech[ 34 "0860# 230Ð240[

ð3Ł H[ Ito\ K[ Nanbu\ Flow in rotating straight pipes of circular
cross section[ J[ Basic Eng[ 82 "0860# 272Ð283[

ð4Ł J[ Moore\ A wake and eddy in a rotating\ radial!~ow pass!
age[ Part 0] experimental observations[ J[ Eng[ Power 84
"0862# 194Ð101[

ð5Ł J[ Moore\ A wake and eddy in a rotating\ radial!~ow pass!
age[ Part 1] ~ow model[ J[ Eng[ Power 84 "0862# 102Ð108[

ð6Ł A[K[ Majumdar\ V[S[ Pratap\ D[B[ Spalding\ Numerical

computation of ~ow in rotating ducts[ J[ Fluid[ Eng[ 88
"0866# 037Ð042[

ð7Ł C[G[ Speziale\ Numerical study of viscous ~ow in rotating
rectangular ducts[ J[ Fluid Mech[ 011 "0871# 140Ð160[

ð8Ł C[G[ Speziale\ S[ Thangam\ Numerical study of secondary
~ows and roo!cell instabilities in rotating channel ~ow[ J[
Fluid Mech[ 029 "0872# 266Ð284[

ð09Ł C[G[ Speziale\ Numerical solution of rotating internal
~ows[ Lectures in Appl[ Math[ 11 "0874# 150Ð178[

ð00Ł Y[ Mori\ T[ Fukada\ W[ Nakayama\ Convective heat trans!
fer in a rotating radial circular pipe "1nd report#[ Int[ J[
Heat Mass Transfer 00 "0860# 0796Ð0713[

ð01Ł V[ Vidyanidhi\ V[V[S[ Suryanarayana\ R[ Chenchu\ An
analysis of steady fully developed heat transfer in a rotating
straight pipe[ J[ Heat Transfer 88 "0866# 037Ð042[

ð02Ł G[J[ Hwang\ T[C[ Jen\ Convective heat transfer in rotating
isothermal ducts[ Int[ J[ Heat Mass Transfer 22 "0889#
0706Ð0717[

ð03Ł T[C[ Jen\ A[S[ Lavine\ G[J[ Hwang\ Simultaneously
developing laminar convection in rotating isothermal
square channels[ Int[ J[ Heat Mass Transfer 24 "0881# 128Ð
143[

ð04Ł T[C[ Jen\ A[S[ Lavine\ Laminar heat transfer and ~uid ~ow
in the entrance region of a rotating duct with rectangular
cross section] the e}ect of aspect ratio[ J[ Heat Transfer 003
"0881# 463Ð470[

ð05Ł W[D[ Morris\ Flow and heat transfer in rotating coolant
channels[ High Temperature Turbines\ AGARD CP!118\
0866\ 27Ð0 to 27Ð03[

ð06Ł R[ Siegel\ Analysis of buoyancy e}ect on fully developed
laminar heat transfer in a rotating tube[ J[ Heat Transfer
096 "0874# 227Ð233[

ð07Ł R[J[ Cli}ord\ S[P[ Harasgama\ W[D[ Morris\ An exper!
imental study of local and mean heat transfer in a tri!
angular!sectional duct rotating in the orthogonal mode[
Int[ J[ Turbo[ Jet Engines 1 "0874# 82Ð095[

ð08Ł K[M[ Iskakov\ V[A[ Trushin\ The e}ect of rotation on heat
transfer in the radial cooling channels of turbine blades[
Thermal Engineering 21 "0874# 82Ð85[

ð19Ł J[H[ Wagner\ B[V[ Johnson\ T[J[ Hajek\ Heat transfer in
rotating passages with square smooth walls and radial out!
ward ~ow[ J[ Turbomachinery 002 "0880# 31Ð40[

ð10Ł C[Y[ Soong\ S[T[ Lin\ G[J[ Hwang\ An experimental study
of convective heat transfer in radially rotating rectangular
ducts[ J[ Heat Transfer 002 "0880# 593Ð500[

ð11Ł J[C[ Han\ Y[M[ Zhang\ E}ect of uneven wall temperature
on local heat transfer in a rotating square channel with
smooth walls and radial outward ~ow[ J[ Heat Transfer
003 "0881# 749Ð747[

ð12Ł S[ Fann\ W[J[ Yang\ S[ Mochizuki\ Transport phenomena
in laminar developing ~ow of rotating heated channels[
Proceedings of Fourth Symposium on Transport Phenom!
ena and Dynamics of Rotating Machinery Vol[ B "0881#
400Ð414[

ð13Ł S[ Fann\ W[J[ Yang\ Hydrodynamically and thermally
developing laminar ~ow through rotating channel having
isothermal walls[ Numer[ Heat Transfer\ Part A 11 "0881#
136Ð177[

ð14Ł W[M[ Yan\ C[Y[ Soong\ Simultaneously developing mixed
convection in radially rotating rectangular ducts[ Int[ J[
Heat Mass Transfer 27 "0884# 554Ð466[



W[!M[ Yan et al[:Int[ J[ Heat Mass Transfer 31 "0888# 24Ð36 36

ð15Ł W[M[ Yan\ E}ects of wall transpiration on mixed con!
vection in a radial outward ~ow inside rotating ducts[ Int[
J[ Heat Mass Transfer 27 "0884# 1222Ð1231[

ð16Ł K[ Ramakrishna\ S[G[ Rubin\ P[K[ Khosla\ Laminar natu!
ral convection along vertical square ducts[ Numer[ Heat
Transfer 4 "0871# 48Ð68[

ð17Ł W[A[ Fiveland\ Three!dimensional radiative heat transfer
solution by the discrete!ordinates method[ J[ Ther!
mophysics and heat Transfer 1 "0877# 298Ð205[

ð18Ł T[Y[ Kim\ S[W[ Baek\ Analysis of combined conductive

and radiative heat transfer in a two!dimensional rec!
tangular enclosure using the discrete ordinates method[ Int[
J[ Heat Mass Transfer 23 "0880# 1154Ð1162[

ð29Ł M[F[ Modest\ Radiative Heat Transfer[ McGraw!Hill\
New York\ 0882\ pp[ 430Ð460[

ð20Ł B[G[ Carlson\ K[D[ Lathrop\ Transport theory*the
method of discrete ordinates\ in] H[ Greenspan\ C[N[
Kelber\ D[ Okrent "Eds[#\ Computing Methods in Reactor
Physics\ Gordon and Breach Press\ New York\ 0857\ pp[
054Ð155[


